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 ARTICLE INFO    ABSTRACT 
 

 

In this paper, we employ an approximate analytical method, namely the spline method(SM) to 
investigate a thin film of  a third grade fluid down an inclined plane and provided accurate  solution 
unlike other erroneous results available in the literature. The variation of the velocity field for different 
parameters is compared with the numerical values obtained by the Runge – Kutta Fehlberg method and 
with the homotopy perturbation method (HPM). Moreover, we found that for all values of parameters 
(SM) agrees well with the numerical disparate HPM. 
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INTRODUCTION 
 

Most scientific phenomena are inherently nonlinear such as heat transfer and many of them have no analytical solution. Therefore, 
many different methods have been established by researchers to overcome such nonlinear problems. These methods include the 
artificial parameter method by (He, 2000), the variation iteration method by (He, 2006). The homotopy perturbation method 
(HPM) provides an approximate analytical solution in a series form. The HPM has been widely used by numerous researchers 
successfully for different physical systems such as bifurcation, symptomatology, non linear wave equations, oscillators with 
discontinuities by (He, 2005) reaction- diffusion equation and heat radiation equation by  (Ganji and Rajabi, 2006; Ganji and 
Sadighi, 2006). Significant classes of fluids commonly used in industries are non-Newtonian fluids. The applications of these 
fluids arise in areas such as synthetic fibers, food stuffs, drilling oil, gas wells and polymers among others (Ellahi and Riaz, 
2010;Ellahi, 2012). The related literature indicates that the third grade fluid has been investigated by many researchers for 
different geometries and with different techniques. 
 
Her, we consider the steady unidirectional flow of an incompressible third-grade fluid down a uniform inclined plane. For the 
third grad fluid, the first four terms of Taylor series are using the stress rate of strain relation. The third grade fluid models are 
complicated due to a large number of physical parameters that have to determine experimentally. The steady flow of third grad 
fluid in abounded domain with Dirichlet boundary conditions analyzed by (Adrianaet, 2008). (Bresch and Lemoine, 2009) have 
shown the existence of the solutions for non-stationary third grad fluids and used homogenous boundary condition for the global 
and local existence of the fluid velocity equation. Many researchers Busuioc et al., 2008, (Khan and Mahmood, 2012), (Kumaran 
et al., 2012) and (Zhany and Li, 2005) have investigated thin film flow of third grad fluid, in addition (Hameed and Ellahi, 2011) 
studied thin film flow for MHD fluid on moving belt. Moreover, Ellahi, 2012 and (Ellahi et al., 2011 ), successfully provided the 
series solution for non- Newtonian MHD flow with variable viscosity in a third grad fluid and discussed heat transfer in porous 
cylinder. Spline methods used in solution fractional differential equation by (Al faour et al., 2008) and (Majid et al., 2014). 
Mathematical modeling of non-Newtonian fluid flow gives rise to nonlinear differential equations. Many numerical and analytical 
techniques have been proposed by various researchers. An efficient approximate analytical solution will find enormous 
applications. In this paper, we have solved the governing nonlinear differential equation of the present problem using spline 
method and compared with numerical and HPM methods. 
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This paper organized as follows: first Section 2, governing equations of the problem are presented. In Section 3, we described the 
basic principles of spline method. The spline method solution is given in Section 4. In Section 5, we analyzed the comparison of 
the solution using SM with the numerical method and HPM.  
 
Governing equation  
 
The thin film flow of an incompressible third grad fluid down on an inclined plan with inclination ( ) is governed by the 
following nonlinear boundary value problem in a dimensionless form (Siddiqui et al., 2008)  
 

......................................................................................... (1) 
 
 
Subject to the boundary conditions: 
 

      

 
 
 

Where y is the fluid velocity,  is the density , μ is dynamic  vislosity , β1  , β2 are the material constants of the third  grad fluid, g 

is acceleration due to gravity. 
 
Basic principles of SM 
  
Now we give the definition and some properties of the differential of spline function. 
 
Definition ( 1 ): (cubic spline function): we define  
 

....................................... (2) 
 

.................................................................... (3) 
 

 
 

  

 

.............................. (4) 
 
Formulation of the method 
 
Recall the system of eq (1) 
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Writing   as following: 

 

 
 
From Eqs ( 2 )  and ( 3 )  into Eq (1)  to get 
 

 
 

     

 

 
 

    ....................... (6)                  
 

From condition        and     

 

We can write  by    such that          ;   

 

and from    , we can write        and  

 

...................................................................  (7) 

 
Substitute in (6) we have, 
 

  ......... (8) 
                       

Then equation ( 8 ) can be solved by solving for non linear equation using some iterative method , in this work we use Newton – 
Rapheson   method to find values of S 
 

       
 

   find        when  r = 0 
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 ............... (9) 
 

 

                         
 

                      ............................................................................................................... (10) 
 
The algorithm  
 

Step 1    put       

   

Step 2         

 
Step 3    evaluate    from (8) by  Newton – Raphison  method using (7 ) ( 9 ). 

 
Step 4    evaluate    from (8) by  Newton – Raphison  method  using (7 ) (10). 
 

Step 4    compute error between   by least square. 
 
Numerical Examples and Results 
 
In this section presents the effects of controlling parameters on the velocity profile in the form of graphical and tabulated results. 
In order to validate the accuracy of our approximate solution SM, we have presented a comparative study of SM solution with 
numerical and exiting solutions. The numerical results will be denoted by NM and homotopy perturbation method by HPM. The 
numerical results are from the Runge- Kutta  Fehlberg fourth- fifth order method  and HPM results are from (Siddiqui et al., 
2008). Table 1 showes the comparision of our present SM results with NM and HPM for    and the absolute 

errors. 

Table 1.   Comparison of  SM with NM and  HPM for  
 

x SM NM HPM Error(SM) Error(HPM) 

0.0 0 0 0 0 0 
0.1 0.048070 0.048462 0.221091 0.000462 1.726 
0.2 0.102172 0.093687 0.360656 0.008413 0.266 
0.3 0.137470 0.135397 0.449731 0.002073 0.314 
0.4 0.176086 0.173260 0.508866        0.00274 0.335 
0.5 0.208168 0.206878 0.55069       0.001282 0.343 
0.6 0.239845 0.235769 0.582128 0.004071 0.364 
0.7 0.261890 0.259357 0.606284       0.004110 0.364 
0.8 0.271039 0.259357 0.6234979       0.001673 0.347 
0.9 0.297838 0.287937 0.634942       0.09993 0.347 
1.0 0.302511 0.291667 0.638672 0.010843 0.347 
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Figure 2.Effects on   velocity profile for various values of   

The numerical results come from the Rung – Kutta Fehlberg fourth-fifth order method (NM) and the HPM results come from 
(Siddiqui et al., 2008).  Table 1 illustrates the comparison of our introduce SM results with NM and HPM for  
and the absolute errors. It is worth mentioning here that spline method lowest error is better if I compared to HPM.  
 
The advantage of SM can be concluded from Fig. 1 in which we compared the solution using SM with NM and HPM for 
particular values of the controlling parameters. Fig. 2 illustrates the velocity profile for different values of the controlling 
parameters. For the fixed value of  and increasing values of parameter β, a decrease in the velocity profile is observed. Fig. 3 
depicts that for increasing value of m keeping fixed value of  β will cause the velocity profile to also increase. This is an 
agreement with the corresponding results for HPM show in (Siddiqui et al., 2008). However, the values of velocity profile of   Fig. 
3   obtained via  SM  are much closer to the numerical values as compared to HPM solution in (Siddiqui et al., 2008). 
 

 
Figure  1.  Comparison of SM with NM and  HPM from Table (1) 
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Figure 3. Effects on   velocity profile for various values of   

Conclusion 
 
 In this work, we have studied a thin film flow of third grade fluid down an inclined plane. Both approximate analytical and 
numerical results are obtained for this nonlinear problem. The results are sketched and discussed for the fluid parameter  β and for 
constant β. It is found that B- cubic spline method (SM) results are much better than HPM results. For large values of non- 
Newtonian parameters HPM solution is invalid whereas SM solution is convincing. Finally, we conclude that SM provides a 
simple and easy way to control and adjust the convergence region for strong nonlinearity and is applicable to highly nonlinear 
fluid problems. 
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